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We study the decays K → ππ in one-loop two-ﬂavour Chiral Perturbation Theory. We provide arguments
why the calculation of the coeﬃcient of the pionic chiral logarithm M = M2 logM2 is unique and
then perform the calculation. As a check we perform the reduction of the known three-ﬂavour result.
Our result can be used to perform the extrapolation to the physical pion mass of direct lattice QCD
calculations of K → ππ at ﬁxed ms or m2K . The underlying arguments are expected to be valid for heavier
particles and other processes as well.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
Calculating nonleptonic decays precisely from ﬁrst principles is
a longstanding problem. Progress has been made both on the short
distance front and on the long-distance front. Lattice QCD provides
a way to take care of the latter but is at present limited in the light
quark masses that can be reached. A ﬁnal extrapolation in the light
quark masses is still needed. For this extrapolation Chiral Pertur-
bation Theory (ChPT) [1–3] is used but in the nonleptonic sector it
has been found that the one-loop corrections for nonleptonic de-
cays are rather sizable [4–6]. The same has also been observed for
the quenched and partially quenched extensions, see e.g. [7] and
references therein.
For static kaon properties like its mass, decay constant and the
BK parameter an alternative is to use two-ﬂavour ChPT with kaons
included. This was ﬁrst used for the mass and π K scattering in [8],
see also [9,10], and later extended to the decay constant and BK
and used for lattice chiral extrapolations [11]. This same method
was used for K3 at q2max where the standard power counting
works [12] as well as for general q2 [12]. In the latter case the
standard ChPT power counting schemes do not work because of
the presence of a large momentum pion. However the authors of
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Open access under CC BY license. [12] argued that also in this case the coeﬃcient of the chiral loga-
rithm m2π log(m
2
π ) is calculable.
In this Letter we extend the arguments of [12] to the case of
K → ππ decays and calculate the pionic chiral logarithm for these
decays. We expect that this type of arguments can be applied to
more general processes as well as discussed in Section 3. These
results are also discussed in the thesis [13].
The expected main use of our result (24) is in extrapolating lat-
tice QCD results for K → ππ done at a ﬁxed value of ms and/or
m2K in the light quark mass mˆ to the physical pion mass. This
should be possible even when three-ﬂavour ChPT does not work
well since it only requires that two-ﬂavour ChPT is applicable. This
is the main motivation behind this work and the works in [12]. At
present not much data exist directly calculating K → ππ so we
have not compared our results to lattice data. We hope this will
become feasible in the future. The present status of lattice calcula-
tions relevant for K → ππ decays is discussed in [7,14].
In Section 2 we discuss two-ﬂavour ChPT and include the kaon
as a heavy particle [8,11] and add the nonleptonic weak decay
sector to it. Section 3 describes the general argument why we
expect that also hard pions can be treated using ChPT and gives
in particular the argument for the case of K → ππ . Section 4
presents the results of the one-loop calculations in two-ﬂavour
ChPT while in Section 5 we check that the three-ﬂavour result
contains the same logarithms. In Section 6 we summarize our re-
sults.
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2.1. Strong and semileptonic Lagrangian
Two-ﬂavour ChPT in the meson sector is given in [2]. We use
here the exponential notation for the pion ﬁeld instead. The nota-
tion is the same as in [15]. The lowest order Lagrangian is
L(2)ππ = F
2
4
(〈
uμu
μ
〉+ 〈χ+〉), (1)
with
uμ = i
{
u†(∂μ − irμ)u − u(∂μ − ilμ)u†
}
,
χ± = u†χu† ± uχ †u,
u = exp
(
i√
2F
φ
)
,
χ = 2B(s + ip),
φ =
( 1√
2
π0 π+
π− − 1√
2
π0
)
. (2)
The ﬁeld u transforms under a chiral transformation gL × gR ∈
SU(2)L × SU(2)R as
u → gRuh† = hug†L . (3)
h depends on u and gL , gR and is the so-called compensator ﬁeld.
Under this transformation uμ → huμh†. The notation 〈X〉 stands
for trace over up and down quark indices and all matrices are 2×2
matrices.
We now introduce a kaon ﬁeld K that is a doublet under
isospin
K =
(
K+
K 0
)
, (4)
which transforms under a chiral transformation as
K → hK . (5)
We can deﬁne a covariant derivative for objects that transform as
(5) and for those transforming as A → hAh† via
∇μA = ∂μA + [Γμ, A],
∇μK = ∂μK + ΓμK ,
Γμ = 1
2
{
u†(∂μ − irμ)u + u(∂μ − ilμ)u†
}
. (6)
The ﬁelds s, p, rμ = vμ + aμ , lμ = vμ − aμ are the standard exter-
nal scalar, pseudoscalar, left- and right-handed vector ﬁelds intro-
duced by Gasser and Leutwyler. The mass term for the light quarks
is introduced by setting
s =
(
mu
md
)
. (7)
In this Letter we always work in the isospin limit mu =md = mˆ.
The effective ChPT Lagrangian contributing to pion–kaon scat-
tering up to second chiral order is given by [8]
L(1)π K = ∇μK †∇μK − M2K K †K ,
L(2)π K = A1
〈
uμu
μ
〉
K †K + A2
〈
uμuν
〉∇μK †∇νK
+ A3K †χ+K + A4〈χ+〉K †K . (8)
The chiral order associated with each class of terms corresponds to
the chiral order of the leading tree-contributions and is indicatedas an upper index (i). In (8) we introduced the notation M2K for the
kaon mass in the limit where mˆ = 0. Similarly we use the M2 =
2Bmˆ for the lowest order pion mass.
The kaon mass up to order mˆ has no chiral logarithms [8] and
those for the pion mass are well known [2]
M2π = M2
(
1− 1
2F 2
A
(
M2
)+ 2M2
F 2
lr3 + · · ·
)
,
M2K = M2K − 2M2(A3 + 2A4) + · · · . (9)
Here we introduced the one-loop function
A
(
M2
)= − M2
16π2
log
(
M2
μ2
)
. (10)
The decay constant for the pion is treated in the usual way with
[2]
Fπ = F
(
1+ 1
F 2
A
(
M2
)+ M2
F 2
lr4
)
. (11)
The kaon decay constant needs the introduction of the weak cur-
rent
s¯LγμuL . (12)
This can be done by introducing a spurion ﬁeld tLμ transforming
such that tL → gLt†L under SU(2)L . The combination (t†Lμ)i s¯Lγ μqLi
with q1 = u and q2 = d is then chirally invariant. The Lagrangian
coupling the kaons is thus given by [11,12]
LKus = w1t†Lμu†∇μK + w2t†Lμu†uμK + h.c. (13)
From this one can derive the correction to FK [11]
FK = F K
(
1+ 3
8F 2
A
(
M2
)+ · · ·). (14)
F K is the kaon decay constant in the limit mˆ = 0 and the dots
stand for terms of order mˆ but no logarithms. The terms in (13)
are of zeroth and ﬁrst order in the chiral counting for FK and K3
at q2max.
2.2. The nonleptonic Lagrangian
At the quark level the two dominant 
S = −1 operators are
given by
(s¯LγμuL)
(
u¯γ μdL
)
and (s¯LγμdL)
(
u¯γ μuL
)
. (15)
We can again makes these terms fully chirally invariant by adding
a spurion ti jk transforming as t
i j
k → ti
′ j′
k′ = ti jk (gL)k′k(g†L)i i
′
(g†L) j
j′ .
The term
ti jk (s¯γμqLi)
(
q¯kLγ
μqLj
)
(16)
is then fully chirally invariant. We can actually simplify a little
since the operators in (15) transform as a doublet or quadruplet,

I = 1/2 or 3/2, under SU(2)L . The doublet combination of the
operators can be made invariant by a single spurion t1/2 trans-
forming as ti1/2 → ti
′
1/2 = ti1/2(g†L)i i
′
.
The actual operators then correspond to the values t11/2 = 0,
t21/2 = 1 for the 
I = 1/2 and t121 = t211 = −t222 = 1, others zero,
for the 
I = 3/2 operator.
In constructing possible terms, we can use the identities
2uμuμ = 〈uμuμ〉 and 〈uμ〉 = 0, as well as the equations of mo-
tion. When calculating for our case here, i.e. χ = diag(mˆ,mˆ), we
have in addition 〈χ−〉 = 0 and 〈χ+〉 = 2χ+ .
468 J. Bijnens, A. Celis / Physics Letters B 680 (2009) 466–470Fig. 1. An example of the argument used. The thick lines contain a large momentum, the thin lines a soft momentum. Left: a general Feynman diagram with hard and soft
lines. Middle-left: we cut the soft lines to remove the soft singularity. Middle-right: The contracted version where the hard part is assumed to be correctly described by a
“vertex” of an effective Lagrangian. Right: the contracted version as a loop diagram. This is expected to reproduce the chiral logarithm of the left diagram.We have ordered the terms here by the counting in derivatives
and powers of χ , but how they do contribute is discussed in Sec-
tion 3.
The 
I = 1/2 terms are using the quantity τ1/2 = t1/2u†
L1/2 = iE1τ1/2K + E2τ1/2uμ∇μK + iE3
〈
uμu
μ
〉
τ1/2K
+ iE4τ1/2χ+K + iE5〈χ+〉τ1/2K
+ E6τ1/2χ−K + E7〈χ−〉τ1/2K
+ iE8〈uμuν〉τ1/2∇μ∇νK + · · · + h.c. (17)
By using the equations of motion the ﬁrst term can be traded
for τ1/2∇μ∇μK . The terms with zero or two derivatives or one
power of χ are a complete set. We have kept one term with four
derivatives to show that the arguments presented in Section 3
work for that example. The factors of i are chosen such that a real
coeﬃcient corresponds to a CP conserving term.
For the 
I = 3/2 case, we introduce the quantity τ i jk ≡
ti
′ j′
k′ (u
†)i′ i(u†) j′ juk′k and get the Lagrangian to second order in
derivatives or ﬁrst order in χ
L3/2 = iD1τ i jk (uμ)ik
(
uμK
)
j + D2τ i jk (uμ)ik
(∇μK ) j
+ iD3τ i jk (χ+)ik K j + D4τ i jk (χ−)ik K j + · · · + h.c. (18)
A term like iτ i jk (uμu
μ)i
k K j never contributes since t
i j
k is such that
the trace part of the ﬁrst factor does not contribute. This also
means that in the isospin limit the D3 and D4 terms never con-
tribute. Here we have not included any terms with more deriva-
tives.
3. An argument why K → ππ can be treated
(1) A general reason why we expect that there might be some
predictions possible also for processes with large momentum pi-
ons is that chiral logarithms are caused by small momentum pion
propagators. Soft pion couplings are related directly using the soft
pion theorem,
lim
q→0〈π
k(q)α|O |β〉 = − i
Fπ
〈α|[Q k5, O ]|β〉, (19)
to matrix elements without the soft pion. The states α and β can
also contain large momentum pions. The underlying problem is
to ﬁnd a chirally invariant description of the right side in (19).
What we propose here is to use an effective Lagrangian description
which describes 〈α|O |β〉 and nearby processes in a chiral invariant
way. This Lagrangian could have also imaginary coeﬃcients if that
is needed to describe the nearby underlying processes.
(2) For a general loop calculation, we expect that the hard part,
can be described by an effective Lagrangian as long as none of the
external momenta changes very much. We take a Feynman dia-
gram at a particular conﬁguration of the internal and external hard
momenta. We cut the soft lines which are responsible for the chi-ral logarithms and possibly other soft singularities. The remainder
is analytic in the soft quantities and should be describable by an
effective Lagrangian. This is illustrated in Fig. 1 and is essentially
the analysis of possible infrared divergences as discussed in Sec-
tion 8.3.1 in [16]. Related thoughts can be found in [17] and in the
work on asymptotic expansions of loop integrals [18] and in the
ﬁrst study of baryon ChPT [19]. This effective Lagrangian should
then provide a suﬃciently complete description of the process in
the neighbourhood of 〈α|O |β〉, including extra soft pions. Finding
a complete description in the relevant neighbourhood is thus the
crux. For the case of K3 decays at a general q2 this was accom-
plished in [12] by showing that matrix-elements of higher order
operators were related to the matrix-elements of the lowest order
operator to the order needed.
(3) Let us generalize the argument of [12] to the case at hand,
K → 2π decays. We look at matrix-elements of the type 〈π(p1)×
π(p2)|O |K (pK )〉 where O is any of the operators in L1/2 or with
a higher number of derivatives. We show here that these matrix-
elements are all proportional to the lowest order one up to terms
of order mˆ times order one coeﬃcients.
We will formulate the discussion in terms of the expansion in
powers of M2, the lowest order pion mass. The lowest order for
K → ππ in this counting is order 1, then M2 (plus logarithms),
M4, . . . . The combinations of hard momenta are p21 = p22 = M2π ,
p2K = M2K and p1 . pK = p2 . pK = M2K /2. Neither of the masses has
a chiral logarithm of the type M = M2 log(M2).
Terms which contain powers of χ will not contribute to the
order 1 or M but only start at M2. We thus need to look only at
terms with derivatives ∇μ or uμ . Lorentz indices always come in
pairs.
(a) Let us ﬁrst look at the case where both derivatives in the
pair are from ∇μ . If the derivative hits a soft pion, the underly-
ing soft part of the loop integrals is
∫
ddp pμ/(p2 − M2) which
contributes no terms of order M . So the only parts that can con-
tribute are when the extra derivatives both hit either the kaon or
the two hard pions, we will in the below thus always only con-
sider the hard particles. All options of how a pair of derivatives hit
the hard particles can be related to the lowest order term up to
terms of order M .
First, if both derivatives hit the same hard particle, it produces
their mass which contains no extra M as mentioned above. Sec-
ond, if they hit both pions, we can perform a partial integration
where only one derivative hits a pion and the other the kaon plus
mass term contributions. So we only need to consider the case
when one derivative hits a pion and the other the kaon. Third:
K → ππ is symmetric under the interchange of the pions, so if
we have a term with one derivative of the pair hitting the kaon
and the second derivative a pion, there must thus be an identical
term with the second derivative hitting the other pion, the pion
momenta in this form are thus always p1 + p2 but that means
that that derivative can always be moved by partial integration to
the kaon as well and turned into a kaon mass. This takes care of
all terms with extra powers of ∇μ · · ·∇μ .
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tives must be on the hard pions. The remaining terms are those of
the type E2, E3 or E8 in (17). These can all be related to the E1
term up to order M2. We use the identity
∂μ(τ1/2 K˜ ) = 1
2
τ1/2uμ K˜ + τ1/2∇μ K˜ , (20)
valid for any K˜ transforming as K˜ → hK˜ . The matrix element of a
total derivative vanishes since p1 + p2 = pK . Using K˜ = uμK and
K˜ = ∇μK we get
0= 1
2
τ1/2uμu
μK + τ1/2∇μuμK + τ1/2uμ∇μK ,
0= 1
2
τ1/2uμ∇μK + τ1/2∇μ∇μK . (21)
This shows that the E2 and E3 terms can be reduced to the E1
term. The E8 term can also be removed, perform a partial inte-
gration on one of the ∇μ hitting the kaon. This produces either
a ∇μuμ which is of order M2 or a ∇μuν . But in the latter case
we can use that ∇μuν = ∇νuμ + f−μν [15] where the extra term
vanishes for zero external ﬁelds as is the case for K → ππ . The re-
mainder is then of a form already discussed. We have thus shown
that for K → ππ matrix elements all operators have matrix ele-
ments that up to terms of order M2 are proportional to the lowest
order operator.
(c) The same type of arguments goes through for all 
I =
3/2 operators. We can also show that the terms with D1 and
D2 in (18) are equivalent in the same way by considering
∂μ(τ
i j
k (u
μ)i
k K j).
(4) The above argument does not work for relating K → 2π to
K → 3π in general. However the principle can again be applied if
one of the pions in K → 3π is soft and the other two hard and
in a momentum conﬁguration similar to K → 2π . We have not
checked whether additional operators can already occur at lowest
order for this case.
(5) The type of arguments presented above are clearly applica-
ble to many more processes with hard momenta, in particular we
expect that they can be applied to matrix-elements needed for B
and D decays as well, but again, we have not performed such an
analysis.
4. The one-loop calculation for K → ππ
There are three measured decays K → ππ : KS → π0π0, KS →
π+π− and K+ → π0π+ and their charge conjugates. KS =
Fig. 2. Diagrams contributing to K → ππ at tree level. A black box indicates a vertex
from the weak Lagrangian, (17) or (18), and a black circle represent a vertex from
the strong Lagrangian, (1) or (8).1√
2
(K 0 − K 0) is the even CP eigenstate and KL = 1√2 (K 0 + K 0)
is an odd eigenstate. The amplitudes for the three decays can be
written in terms of the 
I = 1/2 and 3/2 amplitudes A0 and A2.
A
[
KS → π0π0
]=
√
2
3
A0 − 2√
3
A2,
A
[
KS → π+π−
]=
√
2
3
A0 + 2√
3
A2,
A
[
K+ → π0π+]=
√
3
2
A2. (22)
The tree level diagrams are shown in Fig. 2 and lead to
ALO0 =
√
3i
2F 2
[
−1
2
E1 + (E2 − 4E3)M2K + 2E8M4K + A1E1
]
+ O(M),
ALO2 =
√
3
2
i
F 2
[
(−2D1 + D2)M2K
]+ O(M). (23)
We have kept here redundant terms to check explicitly the argu-
ments of Section 3 and have dropped all terms of order M2. These
come with new free coeﬃcients as can be seen from the extra
terms in (17) and (18). The term with A1E1 is the only part com-
ing from the tadpole diagram of Fig. 2(b).
The one-loop diagrams are shown in Fig. 3 and there are in
addition contributions from wave-function renormalization. These
diagrams are not shown in Fig. 3. Kaon wave-function renormal-
ization has no terms of order M but pion wave-function renor-
malization contributes to this order.
The tadpole diagrams (c)–(f) do not contribute to A2, only to
A0, as expected. Diagrams (a) and (c) have ππ and Kπ interme-
diate states. All diagrams are nonzero but only a few have terms
of order M . Diagram (d) has no contribution but neither has (c).
For diagram (a) only the ππ intermediate state provides a con-
tribution of order M . The Kπ intermediate state did contribute
for K3. The contributions from the different diagrams are given
in Table 1. Putting all the diagrams together, we do indeed ﬁnd a
universal coeﬃcient for all the M terms:
ANLO0 = ALO0
(
1+ 3
8F 2
A
(
M2
))+ λ0M2 + O(M4),
ANLO2 = ALO2
(
1+ 15
8F 2
A
(
M2
))+ λ2M2 + O(M4). (24)
Since we included redundant terms this also provides a check of
the arguments given in Section 3.
For a reasonable choice of M2 and μ2 A(M2) is positive, the re-
sult (24) goes in the opposite direction required for the 
I = 1/2
rule, however if lattice calculations of K → ππ directly at suﬃ-
ciently low M2 and physical ms become available (24) can be used
to perform the extrapolation to the physical pion mass.
Our result (24) is not directly related to the ﬁnal state interac-
tion of the two pions (FSI), the main effect from that is dependent
on sπ (=m2K ), not on the pion mass and would survive in the limitFig. 3. Diagrams contributing to K → ππ at one loop. Vertices as in Fig. 2.
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The coeﬃcients of A(M2)/F 4 in the contributions to A0 and A2 from the different diagrams in Fig. 3. Z denotes the part from wave-function renormalization.
Diagram A0 A2
Z − 2F 23 ALO0 − 2F
2
3 A
LO
2
(a)
√
3i(− 13 E1 + 23 E2M2K )
√
3
2 i(− 23 D2M2K )
(b)
√
3i(− 596 E1 − ( 748 E2 + 2512 E3)M2K + 2524 E8M4K )
√
3
2 i(− 6112 D1 + 7724 D2)M2K
(e)
√
3i 316 A1E1
(f)
√
3i( 18 E1 + 13 A1E1)M2 → 0 keeping m2K ﬁnite. FSI effects in K → ππ have been an-
alyzed by many authors, see [20] and references therein. It should
be kept in mind as well that we have not used any soft pion ap-
proximation for the two pions present in the decay K → ππ , only
for any additional pions relevant for the nonanalytic behaviour
in M2.
5. Comparison with the three-ﬂavour result
Three ﬂavour ChPT has been used a lot for K → ππ decays.
The isospin conserving calculations were done ﬁrst in [4] and re-
calculated in [5] and [6]. The calculations of the logarithmic terms
go back even further. By taking the published expressions from [5]
and performing the limit M2 → 0 carefully we can compare with
our results of two-ﬂavour ChPT. The lowest order result there reads
A(3)LO0 = −
i
√
6C F 40
F K F 2
(
G8 + 1
9
G27
)
M2K ,
A(3)LO2 = −
i10
√
3C F 40
9F K F 2
G27M
2
K , (25)
and can be used to determine the two-ﬂavour LECs in terms of the
three-ﬂavour LECs by comparing (23) and (25).
We can now check whether the full three-ﬂavour one-loop re-
sult also produces the same M terms as were calculated here. To
do this one must take into account that the lowest order result in
[5] was expressed in terms of FK and Fπ . To compare with (24)
we thus need to take into account the M terms present in (11)
and (14). Doing this we do obtain the same result as in (24) with
ALOi replaced by A
(3)LO
i . Note that the corrections terms λiM
2 in
three-ﬂavour perturbation are also free at NLO there since they
contain undetermined LECs.
6. Conclusions
We have argued that it is possible to have a “hard pion” ChPT
and provided explicit arguments that in nonleptonic K → 2π the
correction of order M is calculable. The arguments given in Sec-
tion 3 provide the main basis of this work. We then performed the
calculation explicitly in Section 4 keeping some of the redundant
terms and showed that the arguments also worked out in the ex-
plicit calculation. Eq. (24) is the main analytical result of this Letter
and should be useful for extrapolating direct lattice calculations ofK → ππ to the physical pion mass. As a ﬁnal check we performed
the matching to the known three-ﬂavour one-loop ChPT result.
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